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SU(») ACTIONS ON DIFFERENTIABLE MANIFOLDS WITH

VANISHING FIRST AND SECOND INTEGRAL

PONTRJAGIN CLASSES^)
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EDWARD A. GROVE

ABSTRACT.    In this paper we determine the connected component of the iden-

tity of the isotropy subgroups of a given action of SU(n) on a connected manifold

whose first and second integral Pontrjagin classes are zero and whose dimension

is less than n   — 8n/3 — 1.

1. General introduction. Let SUdz) be a differentiable transformation group

acting on a connected manifold Al with dim Al < «   - 822/3 - 2, and assume that

the fitst two integral Pontrjagin classes of Al are zero.   The purpose of this paper

is to determine the orbit structure of Al under the action of SU(n).

To be more precise, in Theorem 2.3 we determine those closed connected sim-

ple subgroups H oí SU(n) such that the first integral Pontrjagin class of S\j(n)/H,

P.{SU(n)/H; Z), is zero; in Theorem 2.5 we determine those closed connected sim-

ple subgroups  H oí S\J(n) such that Pj(SU(«)///; Z) = 0 = P^SUM/tf; Z); in Theo-

rem 2.9 we determine the connected component of the identity of a regular isotropy

subgroup of the given above actions of SU(n) on Al.   In Theorem 3.1 we then show

how the connected component of the identity of all isotropy subgroups of SU(») is

completely determined by the connected component of the identity of the principal

isotropy subgroup, and we give a list of such possible subgroups.

Wu-Chung Hsiang and Wu-Yi Hsiang considered this problem in [4].  One of

the key steps in their approach was their knowledge of large subgroups of SU(2i).

This forced them to put a severe restriction on Al.   Our approach is more general

in nature, and allows us a much less restrictive dimension requirement.

The author wishes to thank his thesis advisor Wu-Yi Hsiang for the encourage-

ment and help he received while writing this paper. Some of these results were in-

cluded in the author's Ph.D. thesis at Brown University.

In this section we recall several well-known facts.  Let G be a compact con-
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332 E. A. GROVE

nected Lie group acting differentiably on a manifold AI.   For each x e M, let Gx =

\g e G : g • x = x\ and let G(x) = jg • x : g e G\. Then if /: G/Gx « G(x) Ç M is

the natural map,

/ r(Al) = AG/Gx) 0 AG/Gx) = ag bG/(. ) 0 a{ (tf>)

where f j is the principal bundle (Gx —♦ G —* G/G), tc/c    is the isotropy rep-

resentation of  G    in G, and gS    is the slice representation of G   at x.   Suppose

now that x e M is a regular element.  Then <f>    is a trivial representation [5], and

so. / r(Al) = apS-lc/C ^ ® 0 wnere Ö is a trivial vector bundle.  The following re-

sult is trivial to prove but is frequently useful.

Proposition 1.1. Ler «7 =(//—♦ E —» ß) and n'=(G—*E'—* ß') be principal

bundles, and let

i i

E-*E'

i i

1 V

be a homomorphism of principal bundles.   Then

R(G)---—R(G')

a V

K(B) *—*— - K(B')

is a commutative diagram.

So if F : G/Gx—> G/Gx is the natural map and f   is the principal bundle

(G° — G-* G/G°), we have

F!/V(A1) = a, (t       0) 0 6 = r( C/G°) 0 Ö,
&2   C/C x

and so F*(/*(P.(Al; Z))) = P.(G/G°; Z) (where P.(/V; Z) is the ;th integral Pon-

trjagin class of N).

So to study G actions on a manifold Al satisfying Rj(Al; Z) = 0 = P2(A1; Z),

we must first find all those closed connected subgroups H of G such that

P1(G///;Z) = 0=P2(G/ß;Z).
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2. Subgroups of SU(2i)with PASU(n)/H; Z) = 0 = P2(SU(«)/tf; Z).  Let G be

a compact Lie group, H a closed connected subgroup, and let T be a maximal

torus in //.   Then the natural map n : G/T —» G/H is a fibre map with fibre H/T,

and hence the kernel of the map tr : H (GlH; Z) —» H (G/T; Z) consists only of

torsion elements.   Let £ be the principal bundle (H —* G —* G/H) and rf   the

principal bundle (T —♦ G —» G/T). Then if rp is a real representation of H,

n\aç(<p)) = aç,(cj>\T) and hence tt*(Pia^tb); Z)) = P (p-.»(0|r), Z). Let 77(G) =

(G -♦ Ec — BG) be a classifying bundle for G.  Then tj(T) = (T -» £G -» BT)

is a classifying bundle for T.   Letting 1 : G/T —• BT be the classifying map of

£', we have that tr\a^(<p)) = 2 (a   (T)(»p|T)), and hence from [2] that

n*(P.(a.¿cb); Z» = «*(P.(a7?(T)(^|T); Z))

= ̂ '\WriV ' * ' % "W' "r" C^i* - * » -Wir»

where o~2. is the 2;'th elementary symmetric function, r_m is the transgression

in the Serre spectral sequence E(ti(T)) associated with t¡(T), and Í Wj » - - -, W^j

are the positive weight vectors of <f>.

Recall now that t(g/H) = a^(tG/H) = a,(AdG|/7 - AdH).  By Proposition 1.1,

a.c(AdG\H) is a trivial bundle, and hence t(G/H) © a,¿r(AdH) = /? where 6 is a

trivial vector bundle.

Corollary 2.1 [2].  Let T be a torus in G.   Then G/T is stably pardllelizable.

From »r!(r(G///))= i'a7?(T)(iG/H|T) and ffV^Ud^)) = ¿'a      (AdH|r), we have

the following corollary.

Corollary 2.2. 2ft+-^ n*(Pa(G/H; Z)) . ff*(P/g(a^(AdH): Z)) = 0.

As EG is contractible, BG x_ G —» G/T is a homotopy equivalence, and

hence we may take y = (G —* G/T—>BT) to be a principal G bundle.   Thus we

see that 1 : H (BT; Z) —> H (G/T; Z) is just the edge homomorphism

H*(BT; Z) = E*2'°(y) - E*f(y)CH*(G/T; Z),

and hence ker 2' = (im d(y) ), the ideal in H (BT; Z) generated by the elements

of positive degree in the image of the differential of E(y).

Suppose that U is a closed connected normal subgroup of H. Then by using

Proposition 1.1 together with a standard argument, it follows that P .(G/H; Z) = 0

implies that P.(G/U; Z) = 0.

So to determine those closed connected subgroups H of G with Pj(G///; Z)

= 0 = P2(G/H;Z), we need only determine those closed simple subgroups U of G

with Pj(G/(/; Z) = 0= P2(G/U; Z) and then, by using the classification theorem
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of compact Lie groups, determine whatever restrictions there are on "piecing" the

various simple (we shall see later that if Pj(SU(7i)//7; Z) = 0, then H is either

semisimple or a torus) groups together to form an acceptable H.

We now let G = S\](n) and let A : H —* SUU) be the embedding of H as a

closed subgroup, i.e. A is an injective homomorphism of the compact connected

Lie group H into SLK22).   By examining the spectral sequence E{y) oí y, we see

that in low dimensions at least, ker 2'*= ((im r  ) ) where r„ is the transgression

of y. Thus we have (at least in low dimensions)

ker 2*= (s\vm(p1),...,rv(T)(pn)))

where \p.,• • •, p ! is the set of weight vectors of A, and S (*,,..., x ) is the

ring of symmetric polynomials with zero constant term.

We now apply the above to the representation <f> = AdH.  Note that as A : H —♦

SUM, p   = -(ttj + • • • + Hn_x)i and hence

2<r2W.'»KT)^- r (f,(rW)2-
2=1

Recall that, by Corollary 2.2,

7r*(PAS\j(n)/H; Z)) = - n*P¿a^Ad J; Z)

;=*

So >T*(P1(SU(22)/i7; Z)) = 0 if and only if for some integer K,

;sl ;=1

So if U is a closed, simple, normal subgroup of H, it follows that n (PASVin)/U; Z))

= 0 if and only if there exists an integer K such that

k¿ Im/-2ZI?.!2
/»i   '      /«i   '

where | | is the Cartan-Killing norm.

We are now ready to determine those closed simple subgroups G of SUfo) for

which P1(SU(22)/G; Z) = 0.  First note that if A : G -» SU(r2), then SU(tî)/A[g] is-

diffeomorphic to SU(n)/A [G].  Hence in the following theorem if A : G —» SU(t2) is

such that Pj(SU(22)/A[g]; Z)*= 0, then we shall either include (G, A) or (G, A ) in

the list, but not both.
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Theorem 2.3. Suppose X : G —» SU(n) is an almost faithful embedding, where

G is a simply connected, compact, simple Lie group such that Pj(SU(«)//\[G]; Z)

= 0. Then modulo trivial representations, (G, A) appears on the following list:

G A

SU(4) ¿A2p4 ¿2 = 1,2,4

ap4 © 3A2p4 © du*A a + d=2

SU(5) p5 © ¿>A2p5 © cA2p* b + c = 3

SU(6) bA2p6 © cA2p* b + c = 1, 3

*AV6 * = 1.2

ap6 © £>A2p6 © A3p6 © cA2p* © dp*   a'+d+ 4(b + c) = 6

SU(7) ap7 © bA2n7 © cA2/!* © ¿/z* a + d = 4, & + c = 1

SU(8) p8© £>A3tt8 ©cA3pg k + cml

SUU), ¿>2 Adsu(«

SU(fc), * > 2 apA © dp* a + d 12k

SV(k), k>2 ank®bS2nk®cS2fi*k®dii* a + d = * - 2, b + c - 1

SUCO, ¿ > 4 ap^ © bA2fik © cA2tt* © </>* fl + ¿=2 + /t, ¿> + c = 1

a + d= 4, b + c = 2

n + ¿ = 2, ¿> + c = l

SUGs), ¿>4 A2/^©.^*

Sp(3) flA2i/6 © MA3!/6 - i/6) a + 6 - 1,2

SpGe), ¿>3 av2k «|2(A + 1)

S (k), k>3 4v,, ©AVt
P — 2* 2*

S (k), k > 3 Ad_ ...
p — s_'*>

p
SPIN(5) «P5©èA5 2a + è|6

SPIN(7) «p7 © bA7 a + b\5

SpiN(9) «P9©i>AQ a + 2b\7

SpiN(H) apu®bAn a + 4b\9
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SPIN(13) flp13©¿AI3 « + 86|11

SpiN(2A + l), k>2 ap2k+l «|(2*-1)

SPM{2A + 1), A>2 AdSpiN(2Jt+1)

SpiN(8) ap8©/jAg©cAg ii + è + c|6

SpujilO) 22Pl0©i,Ai0©cA-0 a + 2(i + c)|8

SpiN(12) «p120fcA*2ecA- « + 4(* + c)|10

SPIN(14) ap14©èAj'4©cA-4 « + 8(* + c)|12

SpiN(2*), *>4 «p2;k a|2(A-l)

SPIN(2*), k>4 AdspiN(2t)

G2 <p2 = AdG ,cpl, 2<plt 4^j

f% <P4=AdF ,cpl,3<f>l
4

E6 atf>l®bcf>i « + ¿ = 1,2,4

AdE6 = <t>6

E7 <f>l,3<f>1,AdE^ = <p6

EB AdE8

Remark. Note that if G is a compact simple Lie group and A : G —» Gj is

any nontrivial homomorphism of Lie groups, then Ker A is a finite central sub-

group.  So any embedding of G lifts to an almost faithful embedding of G's univer-

sal covering group A : G —» Gj.  IfGj= SU(>2) and PAS\j(n)/G) = 0, then (G, A )

will be on the above list.

Proof of Theorem 2.3. Suppose G = SU(*), 2 < k < n. If A : SUU) -♦ SUfo)

and S(A) = {(/, p) : 1 < / < nj is the set of weight vectors of A, let AX) = 2" \p.\ .

For 1 < p, q < k, let epq be the kxk matrix epq = [8^]. Let A. = i(e>. - kTl 2*,, ej)

for 1 < ;' < k. Then {A. : 1 < ; < k - 11 forms a basis for §, the standard Cartan subalge-

bra of SU(£). We may take our invariant, nondegenerate inner-product for the real

Lie algebra of SU(A) so that (A^ A^ = (k - l)/k and (Af, Ay) = -1/k if i 4 j. Note

that

22(AdS0(,)) = 2      £    |A.-A|2=2     Z    2-2*<*-l).

So as we have shown,  P,(SU(t2)/A[SU(£)]) = 0 implies 2k(k — 1) is an integral

multiple of 22(A).

We let ff = {A. - A .+1 : 1 < j < k — 1} be our system of simple roots.  If tf> :
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SUU) -» SU(n) is irreducible, let A¿ be the highest weight of <p, and let

2(A,,A.-A..,)
q._Í—2-ill—= (A., A.-A...).

Then recall </. is a nonnegative integer.

For each 1< i < A - 1, let <b. be the unique irreducible representation satis-

fying

2(A,,A.-A...)<Pi    j      j+i . I

5.»    i.e. cfi. «-» o-o ... o-o-o ... c—o

WW

Hence

Recall that <Pj = /^ and <f>. = A'tt^, 1 < /' < *. So

£(<p.) - {A;   + • •. + Af. : 1 < i, < i2 < •• • < i. < k\.

„(*.) = Z        |A,.  +... + A.|2= Z        /(M)
lsfj<"'<2.s/i     1 ;        lsit<.»<i.sk   x   *   '

; ,.        k(k-l)...(k-j+l)
= k{k~})-1.2.../

(A-1)(*-2)...(A-/+1) „.      .    ., .    ,
■-2.3.../-'       ' '

(A-l)(*-2)...(A-/ + 2) .     v       ..
»-2.3...(;-l)-  U-7 + DU-/)   if/>2.

Note that n(cf> f+,) = n(tp ) •(*-/- D//. So if 1 < ; < (* - D/2, then «C«^y+1) >

»(<p\). Also, Í < /'< (k - l)/2 implies 2Gp\) = -^ff>h_¡l O-e- <Py = ̂ -^ which

implies «Gp;.) = n(<pk_y. We have

«(0j) = *-l,      n(^2)=(*-l)Gi-2),

«(<pj) = HU-l)U-2)U-3)>2*U-l)   if k>9.

So if 4 </<[(* + D/2] and n(<f>.) < 2k(k - l), it follows that * < 8, and

hence k = 8, / = 4. By adirect check, this is impossible. So if 1 < / < K*+l)/2]

and »(tp.) < 2k(k - l), we have / = 1, / = 2, or / = 3 and 6< * < 8.

Lemma 2.4. Suppose cb : SUGO — SUGj) is an irreducible map with n(cp) <

2k(k - 1).  Then up to conjugation, cf> appears on the following list:
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Proof. Let

A}pk, 6<k<8,

^S2pk,\2pk,Adsmkh      k>2.

A. q\q2 S qk-\

Suppose that there exist at least three distinct indices a, b, c so that q , q,,

q    all are different from zero.   If 4>.,cj>2 ate two different irreducible representa-

tions, we say <f>l>cf>2 if qisp^) > qicp2) for i - 1, 2,. •., k - 1.   It follows easily

that <f>1><t>2 implies (A^, A^) > (A^, A^).

Using this fact, one easily shows (A¿, A¿) > 1.

Since qa, q,, qc are all different from zero, it follows easily by applying the

Weyl group that £(<£) contains at least (k - l)(k - 2)(k - 3) distinct vectors A

all with (A, A) = (A^, A0). So n(cf>) >(k-l)(k- 2)(k - 3). So if k > 6, n(<j>) >

2¿(A-1).

Note 4 < k as there exist q , q,, q    4 0. If 4< k<6, one shows by direct

calculation that (A^, A^) > 5 and hence

72(0) > 5(k - l)(k - 2)(k - 3) > 2k(k - 1)    if 4 < k < 6.

Suppose next that there exist exactly 2 indices a, b with q , q, 4 0. Sup-

pose k > 9.   Further suppose that 3 < ö £ k - 3.  Then <£ > Aa/ife = •£<,* So

(A.i A .) > (A^,  , A^ ). Also, by applying the Weyl group, it is clear that we

introduce at least as many new vectors A   into   £(<£) with  (A, A) = (A ., A , ),

as we do vectors  A1   into ¿L(Aapk) with (A1, Al)= (A^  , A^ ), and so n(cb) >

n(Aapk) > 2k(k - 1) (as  3 < a < k - 3).

It follows that we may assume (up to conjugation)

(1)« = 1, b=2,

(2) 1 <«<2, k-2< b<k-l,

(3) 1<«<2, b = 3, 6<k<8,

(4) 1 <«< 3, *-3<£><*-l, 7<fc< 8.

By direct computation, we now easily arrive at the result.

With this lemma, the results with G = SU(/fe) follow easily.   One obtains the

results for G = Bfc, Cfc, Ofc, G2, F4, F6, E?, Eg similarly.

Theorem 2.5. Suppose X: G —»SUfa) is a nontrivial representation, where G

is a simply connected, compact, simple Lie group.   Suppose Pj(SU(t2)/A[g]; Z) = 0

= P2(SU(t2)/A[G]; Z).  Then (G, X) (modulo an arbitrary trivial representation) ap-

pears on the following list:
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G A

SU(2) 4p2

p3 © Wp3 © ci'ttj

^4

SU(3) u, © èS2u3 © cS2u*        b + c = 1

SU(4) A2

2A2p4

SU(6) A2

A2p4 © S2p*

SU(*),*>2 Adsu(W

SU(/e), * > 2 ap^ © i-p* a + è = 1

S(3) A2„rP 6

Sp(k), k>3 v2k

SPm(2k), k>4 p2k

2P2k

Ads     (2.)

a + b = 2

a + b = 3, 3\k

a + b = 6, 3|A

3^2É 3|*+1

Ads (*)
p

SpiN (5) ap5 © ¿A5 2a + b\6,      b 4 4

Spm(2* + D,*>2   p2,+1

3p2,+1 3|2*-1

AdSpiN<2A+l)

SpiN(8) ap8©èAg©cA- a + b + c\6,      b + c>0

SpiN(10) A,+0

3p2fc 3|*-1

6p2k 3|*-1
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G2 tj>2 = Ad^, çSx

F4 04 = AdF,<r61
4

6 B6

El Ad£7

E8 Ad£g

R-oof. Let Í(;, p): 1 < ;'< 22} = 2(A), and let a AX) = air^(t)(/íj),•••, r^fJApn))

fot Z<j<4.  Recall that

(ker i*)s = (Zvj © • • • © Zv¡)2a2(X) © (Zvx © • • • © Zv,)oAX)

© Zo\(A)   where / = rank G.
4

Now

P2(SU(n)/ira A; Z) + PASU(n)/im A; Z) . Pj(af (Ady); Z) + P^a^Ady); Z) ■ 0

(modulo 2 torsion).  So as Pj(SU(22)/im A; Z) = 0 = P (SU(22)/im A; Z) by hypothe-

sis, we see that ^(PAa^AdJ; Z)) = 0 = n*(P2(ag(Ady); Z)).  Hence

( Z V/ +     Z    *iyV •) *2 M + ( Z ¿,"JffjW + »2 . a4v\) = a4(AdG)
\;=1 M<j*l / \;=1 /

where a., b.., d., m e Z for 1 < i < /, 1 < ; < /.  Suppose G = SIÄ&). By using the two

facts

<r¿yi>-yi>'~ > yp> -yp) = <>2(y2,-", y2p)

and

°j*l.*,.*,.—»V    ̂    »a(Xl»--»V"Ti8(ll,"*»V'
o+/3=y

it follows that

^(AdSüttp-(2*2-A-(0(al(t2},...,«í.1) + 3a2(I22.„Jj

fe-i   , \

2=1 /

k-
+ 2

+ (8/i2 - 6* - 24) Z V^i »* * * » V" " * ' V*-l^
/•I

+ (12¿2 - 12>fe - 36)0-^,.. •, t^j)

where v. = r   ._(A.) as usual.
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As an example of the method, consider A = «pfc €> bp^, a + b\2k. One

shows easily that

c2(pk) = -(o-j(v2,..., f^_j) + a2(t2j,..., f^.j))»

a^VLl)~~\ Z fy^jifj»'*'» v.,'",vk_l) + 2ai(vl,"- ,vk_x)i,

/k-l m \

a¿4lk'~~\ ? v.a2(vl,'.',v].,-",vk_l) + 3aÂ(vl,...,vk_l)j,

a4(\) =(a + b)aA(al)+lA(a + b)(a + b- l)(a2(pk))2.

'¿Msutkh-Íi Vi + ,   £      *«Vi)
\;=1 lsi<;£/e-l /

. (a + b)(o1(v2f',v2k_l)+o2(v1,'",vk_l))

k-l        /k-l \

-(a-b) Z dv\ X v2.oAvl,'.',V.,.",vk_l) + 2ay(vl,...tvk_1)\
;=1 \;'=1 /

+ ml-(a + b)(a + b- l)ffj(i2j,..., vk_t)

+ l(a + b)(a+b-l)a2(v2l,...,v2k_l)

k-l

+ (a + b)(a + b- l) Z Vj^foif't t>if' *v¡t^
i-l

k-l

+ (2(a + b)(a + b- 1)- (a + b)) Z vja2^vl,'"'^j,'"fVk-l^
7=1

+ (3(a + b)(a + b- l)-3(a + b))a^(vlf..., f¿_j)J-

Clearly, a. = a. and d. = d, if 1 < i, j'< k-l. Also, b.. = fc- if 1 < i< ;

< *- 1, 1 < a< ß <k - 1. Note -(a + b)a1 + lA(a + b)(a + ft- Dm = 2*2 - £ - 6.

Suppose * = 2.  Then this is the only condition. So -(a + /3)«j + xA(a + b)

(a + b — D222 = 0.  This is clearly acceptable for a + b\4.

Suppose k>2.

-(a + b)(at + a2+ bl2)-(a- b)(dx + d2) + 3(a + b)(a + b- 1)222/2 =6*2_3A-18.

So -(a + b)b12 -(a- b)(dx + dj + lA(a + b)(a + b - D222 = 2*2 _ k = 6. Also,

-(a + b)(ax + b12)-(a - b)dl +(a + b)(a + b-l)m = 4k2 - 2k-12.So -ia-b)d - 0.
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Hence -(a + b)bX2 + lA(a + b)(a + b-l)m = 2k2 - k-6.

Suppose k = 3. Then this is the only condition, -(a + b)ax + Via + h)(a + b - l)m = 9.

So a + b\6 is acceptable.

Suppose k>4. -(a + b)(ax + bl2+bli + b2i) + (2(a + b)(a + b-l)-(a + b))m =

8k2 -6k-24 or (a + b)m = 2k. So

-(a + b)at + (a + b-l)k = 2k2 -k-6,

-(a + b)ax = 2k2 - (a + b)k - 6 = 2(k2 - 3) - (a + b)L

Hence (a + 2>)|2/e2 - 6.  Recall (a + b)\2k. Hence (a + ¿>)|2/fe2. So (a + b)\6. So

apk © tJ/i^, /« > 4 is acceptable when (a + b = I), (a + b = 2), (a + b = 3 and 3|&),

(a + ¿ = 6 and 3|¿).   This concludes the proof.

Remark. Suppose A : Cj x G2 -» SUM so that P, (SUM/im A; Z) = 0. Recall

A = 2'=1 cb.^ifi. where <£j,« • •, cf>t, ̂ ,,«« •, iff   ate either trivial or irreducible.

Let Tj be a maximal torus for Gj, and T2 for G2.   Let U,,»«», t>At-   be a

base for H (B7- ; Z), and v.t*m*t v . G for H (ßj ; Z).  For some nonzero inte-

ger Al, we have

a2(AdG ) + o2(Ad    ) = o2(Adc    c) = Al . oA\) - M • £ a^ ® ^ .)
1 2 12 ysl

2

= ai . 52 <dim ̂ ^2^ ^+ ^dim ̂ -^2^ •*
J=1

t t

= Al • 52 Üim ̂>)a2(cf>.) + Al 52 (dim cß.te^.).

So as ff2(AdG ) and ff2(cS.) (1 < /* < t) ate polynomials in  ^ji-'-i^g, and

a (AdG ) and o Mi.) (1 < ; < t)   ate polynomials in »j»«»» t v.- , we have
2

,    and<r2(AdG )=A1¿ (dim>>.)o-2(<¿.)
* l'ai

(2.6)
t

o-2(AdG )= Al 52 (dim cf>.)a2(ifr).
2 ;'=l

So as 22(AdG) = 0 if and only if G is a torus, we have the following.

Lemma 2.7. Let H be a compact connected subgroup of SU(k) so that

Pj(SU(22)/H) = 0.   Then either H is a torus or H is semisimple.

So we may assume that G} and G2 are simple.  So if PjiSUtaVim A; Z) = 0 ■■

PjíSUUVim A; Z), then as before
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(2.8)    <r4(AdG ) + <r2(AdG )o-2(AdG ) + <r4(AdG ) = <r4(AdG xG ) e ker i*.

TTieorem 2.9. Suppose that SU(n) acts as a differentiate transformation group

on a connected manifold M, where Pj(M; Z) = 0 = P2(M; Z). Suppose also that

dim M < n2 -8n/3 - 2.   Let G be the connected component of the identity of "the"

principal isotropy subgroup of the action.   Then (possibly modulo a low-dimension-

al trivial representation), G together with its embedding appears on the following

list.

G A

su(D,       k>4    pk

k>6 ap, © bp,    a + b = 2

k>9 apk®bp*k   a + b = 3, 3\k

*>18 apk® bp*   a + b = 6,3\k

SO(2* + 1), * > 2 p2fe+1

*>11 3p2k+1 3|2A-1

Sp(*), k>3 y2k

k>8 3y2k 3|* + 1

SO(2*),        * > 4 p2k

k>6 2p2k

k>lO 3p2k 3|*-1

*>19 6p2k 3 | A — 1

Proof. Note that 222 - 822/3 - 2 > dim M > dim (SU(«)/im A) = dim SUGj) - dim G

= n — 1 — dim G and so dim G > 8n/3; that is, the dimension of G as a Lie group

is greater than 8/3 times the dimension of A as a representation.

By Lemma 2.7, G is either a torus or G is semisimple.  Suppose G is a

torus, say G =T .   Then * = dim G > 8n/3.  This is impossible as rkSU(») = « —1.

So G is semisimple.

We first suppose G = Gj x G2 where Gj and G2 are compact simple Lie

groups.  Recall A = 2' j cb. ® <Jf..   By 2.6 if for some ;' both <f>. and tp . ate non-

trivial, then there exists a positive integer M such that 2i(AdG )> M • dim iff. •

n(cf>) and n(Ad,~ ) > M « dim <b■ • n(iff.).  This turns out to be a severe restriction

on cf>j anc* ty ■'   Using this fact together with 2.6 and 2.8 in the usual way, we

arrive at the list for Gj x G2.  We then use this list together with the additional
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requirement dim G > 822/3 to prove that G must be simple, and that, in fact, (G,A)

lies on the above list.

3. The orbit types of SU(rz) actions on manifolds with vanishing first and se-

cond integral Pontrjagin classes.

Theorem 3.1. Let S\J(n) act as a differentiate transformation group on a con-

nected manifold Al.   Suppose that PAM; Z) = 0 = P2(A1; Z), and that dim Al < n2 -

822/3 — 2.   Let y e M be a regular element and let x e Al.   Then after conjugating

G    if necessary, the inclusion G   CG   C SU(») appears on the following list:
y y x —

(i) if
I               ap.®bu*.®(n-(ft*b))e \

(cj) = fsuU)-=-*-► SUMJ

where a + b = 1, 2, 3, 6 «22«' 3\k if a + b = 3, 6, then

(Gj Ç G° Ç SUM) = ÍSU(A) —-- SU(/) —1-'--► SUMj.

(2) If
„       /                        «A.  .©(n-Gk+lWr? \

(G°y) = ÍSO(2¿ + 1) —22- SUtoJ,

where a = 1,3 and 3|(2A-l) if a = 3, then

I                       ft.., ©</-(2fc+l))r3
(G° Ç G° Ç suOi)) = iSO(2A + 1) -22Ü-► SO(2/ + l)

(n\
*P2k+lQtn-M2M)))e-► SUM).

(3)//
„      /             ay    9(n-2ak)e \

(G°y) = (Sp Ok) ~-► SU(t2)J

where a = 1,3 and 3|(/i-l) if « = 3, then

/             y7.®2(l-k)9              ay    Q<n-2aW \
(G° Ç G° Ç SU(n)) = (sp (k) -i=-► Sp(/)-^-► SUM).

4)//

„      /                «P,.© (n-2a*)<9 \

(Gj) = ÍS0(2A)-^-► SU(»)J

where a = 1,2,3,6 ana* 3|0e - l) if a = 3,6, rien

,   n         n                       /                 P2.9(n-2k)6                 ap7.e(n~2al)0 \
(G° Ç G° Ç SU(22)) = fso(2A) —2-. S0(2Z) —-*SV(n)\.

Proof. As an example of the method, we shall give the proof for
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('             afi.ebfJ.*.®(n-2k)e \
SUU) —-=- S\j(n)\

where a + b = 2, a>l, and k>6.

As y is regular, after conjugating G    by a suitable element of SU(w), we

may suppose G   CG.  Hence we first must study the lattice of closed connected

subgroups G0 Ç H Ç SU(«).

If V is a subspace of C", let SU(V) be the subgroup of SU(«) which leaves

Va- fixed pointwise.  Then in £>]• the following theorem is proven.

Theorem. Let V be a subspace of C with dim V > 3.   Let H be a subgroup

of SU(«) which contains SU(V).   Then there exists a subspace Vj  of C with

VÇ V. so that SU(Vj) is a normal subgroup of H.

We shall determine a similar result for G .  Suppose <f> : G   —* H, ifr : H —»

SU(«), and A = cf> o tù: We may take H = Tc x (/j x •. • x U¿ where Tc is a torus

of rank c, (/. is a compact, simply connected, simple Lie group, and where <f> and

ifr have finite kernels.  Then <b = <f>T © <f>1 © • • • © <bd-  Clearly <f>T is trivial as

SUU) is simple and Tc is abelian.  So we may take V = (/j x • • • x U¿, and cf> =

<f>j © ... © cf>d. Now if/ = 2/._j ib.  ® ... ® i/r.   where each ^y. is either trivial or

irreducible.

Let (ifr o q>) = (ifr.   o^)®...® (t/r.   o <^¿).  Note that (iff ocb). is a nontri-

vial representation for some /.

For some 1 < i < m, ifr. otp.: SUU) —♦ SU(«) is nontrivial.  Note that the non-
—   — /,•       2

trivial components of <bi°<b. have dimension > *.   Also if there exists 1 < a<m

with i 4 a. and i/r,- °<ba nontrivial, then the nontrivial components of (iff otp).
la 2 J

have dimension > *   which is greater than 2k.

So as tfr ocf> = ap, © bp   © (n - 2k)d and a + b = 2, it is clear that we may

assume

(1) (t/> o rp). is trivial if / > 2.

(2) If / = 1,2, then there exists at most one integer i. with 1 < i.< m so

that fifi,  °<P,-. is nontrivial.
j*     n     J

So   G    is contained in a normal subgroup V of H, where V = V, or V =

l/j x U2.

Suppose V = SU(Z). Then we may write cf> : SUU) -• SU(/), ifr : SU(/) -> SUOi),

and iff o fp = A = ap¿ © ftp* © (« - 2*)ö, where a + b = 2. So if we write ifr = i/r j ©

7.. © t/ri © L8 : SU(/) -> SU(n), where ifr. is irreducible for 1 < /' < t, then (ifrx otp)

© ••• © (ipt o tp) © Ld = ifr o <f> = apfc © i»p* © (« - 2A)Ô.

Hence ifr = ifrl®Ld or iff = ifr l ® if/2 Q) LB.

Now Z   -1>*   -1> 822/3.  Hence ^j and ib2 have drastic limitations on

their dimensions.  Using the fact that <f> > ib implies dim <f> > dim ifr, it follows
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that the only possible irreducible components of iff ate p., and p..  Arguing simi-

larly for <f>, we see that the only possible irreducible components of <f> ate p.

and pk-

Hence, it is clear that one of the following cases holds:

(1) <j> = apk © bp*k ©(/- 2/00, i¡J = pl®(n- Dô.

(2) tj> = bpk® ap*k © (I-2k), iff = p¡®(n- Dd.

(3) tf> = pk®(l- k)6, iff = apt © bp* © (22 - 21)6.

(4) <f> = p*k © (/ - k)0, ifr = hpl © ap* ®(n- 21)8.

Arguing similarly for the case when V is some other simple compact Lie

group (and using the fact that dim V > k   - 1 > 822/3), we get the following addi-

tional possibilities, where cf> : SUU) —* V, iff : V —» SU(r2), and iff o cj> = A.

V <f> ifr

Sp(/) (a = 1 = b) pk © p*k © 2(Z - 00 y2l © (22 - 2Z)0

SO(Z) (a = 1 = b) pk®p*k®U- 2k)d p¡ © (22 - /)0

Now suppose V = l/j x U2.  Then using arguments similar to the above, one

shows that V = SU(/j) x SU(/2), and that we can write cf> = cf>1 © ç$2 and iff =

(if/l ® 0) © (0 ® i/fj) where modulo trivial copies,

0i = fV fV      4>2 = /v fV

We now specialize to the case H = G^.

We shall show that H = G° implies  V = SU(/), and that in fact

/             P, ®(l-k)9                ap,® bp*, @ (n-2k)d \
(G° C V C SU(22)) = (SUU)—-► SUU) —i-Í-► SUtol.

Let ^j = (Gx — G -» G/Gx).  Then for 7 = 1, 2,

0 = P.(r(G/G) ®v(G/G)) = P.(a,  (Adr | Gr - Ad_ ) © a, (<¿ )).
J x x /s, ox o s«      X

Now V is a connected normal subgroup of G    so that

G^-^-VCG   CSU(n)=G

_ X

i.e. iff ocf> = X

Let »7: G/V ~*.G/Gx be the natural map

»2Let f2 = (V-► G —» G/V).  Then if T is a real representation of G ,
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nW (T)) = a.¿ (T\V). So
Sl Ç2

n^ (AdG | Gx - AdG ) © a€ (cpx)) = a# (AdG | V - AdG | V) © af (<px | v)

= etc (AdG | V - Adv- 6) ©a, (<^x | V)

- r(G/V) © a- (¿| V) € /CO(G/V),
s2

where 0 is some trivial representation of V.  So modulo torsion,

P1(G/V)+PAai(cf>x\V))=0,

and

P2(G/V) + Pj(G/V) • Px(ns (<ßx | V)) + P2(a? (tbJV)) = 0.

Recall that as G    is the principal isotropy subgroup of cf>^, <f>x\Gv = Ad^ \Gv —

AdG   © trivial copies.  So
*      *    y G  'y

<¿ IG   = Ad- IG   - Ad_ ]G   © trivial copies
*    y Gx    y y    y

= ((AdG  |C°)|V)|G°-Ad   „ © trivial copies

y
= Ad y IG   -Ad   0 © trivial copies

y
= AdL,oçS-Ad   n© trivial copies.

v G

y

Note also that dim(tsu, )/G © <b) = dim M<n   -822/3 - 2, and hence dim <f>x <

n2 -8«/3 -2.

We shall now examine the several possibilities for V, cf>, and ^.

Suppose V = SU(/), and <p = apfc © bp*k ®(l- 2k)d, ifi = p{ © (22 - 1)8.  Then

0 |SU(D = <f>x o tp" = (p; ® p*- 6) o 0 - pk ® u* © trivial copies

= ab(pk ® pk © p* ® p*) © (a2 + è2 - DpA ® p*

© (a + £>)(/ - (a + ¿>)D(pk © pfe) © trivial copies.

Recall k2 - 1 > 8n/3, and /> 2*.  So dim <f>x<n2< 9k4/64 < 9l4/l024.

This is a severe limitation on <f> .   By listing all the irreducible representa-

tions r of SU(/) with dim T < 9/ /1024 and then using our determination of

0X °<p, we see easily that <£x|SU(/) can contain copies only of p., p., p, ® p.,

p¡ ®pz, p¿ ®pz.   Hence
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<pJSU(/) = c(p¡ ® pj © p* ® p*) © dpj ® p* © e(ii7 © ft*) © F0,

and so <pJSU0é) = tf>x o <¿ = (4afcc + (a   + fc2) «jO/z^ ® /x* © a sum of representa-

tions not containing pk ® f^. So 4abc + (a2 + b2)d = a2 + f»2 - 1. This is impos-

sible.

In the other cases for V, cb, if/, we argue similarly to the above.  In some

cases there will exist a representation <PX\V so that cf>xocp"=X. In these cases,

by using PAG/V) + PAa^ (<f>x\V)) = 0, we arrive at the conclusion that V = SU(/),

<f> = pk © (/ - k)9, and ifr = apt® bp*, i.e.

I P.QU-kW ap, ®bu*.®(n-2k)9 \
(Gl ç v ç suM) = (suU) —=-► su(/) —-l-► suM)

as was to be shown.

Finally we shall show Gx = V.

So suppose Gx 4 V.  We shall derive a contradiction. We give here a modifi-

cation of an argument found in [4].

We may suppose x was chosen so that dim G    is minimal among these G

with G   not simple. We see that after conjugating if necessary, we have y e S , the slice

at x. Let tpx be the slice representation of G% at x.   Then <PX|GX = çij © /30,

where <£j is a nontrivial representation without trivial copies.

We may write y = y~ + n where y~ e UU , the representation space of <f>x, and

where 77 e (W^ )   i.e. n e W^g.

Clearly G   =G_  and so y is a regular element.

Let z be an element of the unit ball of HU  Ç Sx C Al.   To show:  (GjfßJJ

C V.   By the minimality condition

/ afLl,&bu*,®<n-2l')9 \
(G°) = (SU(/')       '        l-► SU(22)J.

So as G° C G° C N,, ,(v), clearly G° C V.   Hence (G0^.) )° = G° C V.  So we
Z —      X —      oU\712 '        X — X       L  Z X —

may apply the following proposition found in [4].

Proposition. Let H be a closed, connected, proper normal subgroup of a com-

pact, connected, Lie group K.

Let iff : K —» 0(222) be a representation, such that for each xirV.-IOl, K°

Off.   Then

(1) HÇketiff:

(2) rank K/H=l.
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Hence V Ç ker <p, = leer <pjG° and rank G°/V = 1. So (pjG0 is trivial.   But

note that 4>K° <P = U - D (pfc © pfc ) © trivial copies, as

x     ' y

Ï°-Adr |"°
y        Gy

= Adl/|G°-Ad ae$.V   y G"
y

cbx\G°y = (<Px\Gy)\G°y = (AdGjGy - AdGJ|G;

-(AdcJV)|Gj -AdG JfiJ

7°-Ad   ,
y      g(

Hence / = A, and so V = G°.  So G° ~ G° x L, where either L = SU(2) or
. y x       y

L = Tl.

Note that <px\Gx = 0 ®y>.  Let i«ji be the standard base for "the" Cartan

subalgebra of L.  Suppose

/                   Ö ,u, ©iy*©t0iœr)®(0®8) \
(G° — SUOi)) = butt) x L -5-*-► SUM).

Then dimr=l. So r=0 or L=TX. Suppose T=6. Let f3=» (G°-»SUGi)-SUGi)/G°).

Then

P(a, (t )©a. Gp |G°))=0.
1   «3  SU(n)/G° *3   *    *

So

M(2a,(p,) + a (8)) = a (t 0 ) + cr(ó\G°)
2    k l l   SV(n)/Gx *     x    x

= o-2((((ap¿ © bu*k © t6) ® 0) © (6 ® 5))

® (((ap* © bpk © Í0) ® 8) © (0 ® 5*)) - p¿® p* - AdJ + ff2(y)

= (6A + 4/ + 4 dim S)a2(pk) + (4k + 2t)a2(8) + 2 dim S • a2(8) - er2(AdL) + a2(y).

Hence 2M = 6k + 4t + 4 dim &. So

(3k + 2t + 2 dim S)a2(8) = (4k + 2/)a2(Ô) + 2 dim 8■ <72(8) - a2(AdL) + a2(y)

or

-*o-2(S) = a2(y) - a2(AdL).

So as o2(8), a2(y), a^Ad^) are all polynomials in r(aj) with negative coeffi-

cients, we see L = SU(2). So ff2^SU(2)^ = a2^ + ka2^0f' ^n easy cnec^ °f

R0(SU(2)) shows this is impossible.

So T 4 8. Hence L = T1.   By considering L c_ SU(»), we see (2k + f)r©8:
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L —» SUM.  We easily have

M(2a2(pk) + a2((2k + tV © 8)) = MoA((apk © bp*k © ¿0) ® D © (0 ® 5))

= a2((((apke bp*k © t6) ®r)©(0®6)) ®(((<22i* ©è^© /0)® r*) ©(0®5*))-iife® M*) + a2(y)

- a2((a2 + b2 - 1)/^® ^©tf&O^® /z^ffi ft*® /i*) ©(a + è)r(txfe©iz*)

©(fliÍA©^*©í0)®(r®S*)©(flit*©6li¿©f0)©(r*®í3)©0®(S®5*))+a2(y)

= (2k((a + b)2 - 1) + 2(« + b)t + 2(a + b) dim 8)o2(pk)

+ o-2((2^ + /)(r®5*©r*®S)©0®(§®5*))+ a2(y)

= (6¿ + 4r + 4 dim SV^) + a2(((2k + tT®8)®((2k + tT*®8*))

= (6k + 4t + 4 dim 8)o2(pk) + (4k + 2t + 2 dim 8)a2((2k + t)T ©5) + o2(y).

So 2A1 = 6k + 4t + 4 dim 8, or Al = 3k + 2/ + 2 dim 8.  Hence

(3* + 2r + 2 dim SV2((2¿ + /F©S) = (4k + 2t + 2 dim 8)a2((2k + tW®8) + oAy).

So 0 = ka2((2k + tT ®8) + o2(y).   But as <£X|G° = 0 ® y, we see that y ® C :

L —» SUM, and hence ka2((2k + t)F ©§) and a2(y) ate polynomials in r(at)

with negative coefficients.  This is impossible.

The other cases follow similarly.
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