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SU(n) ACTIONS ON DIFFERENTIABLE MANIFOLDS WITH
VANISHING FIRST AND SECOND INTEGRAL
PONTRJAGIN CLASSES(1)

BY

EDWARD A. GROVE

ABSTRACT. In this paper we determine the connected component of the iden-
tity of the isotropy subgroups of a given action of SU(n) on a connected manifold
whose first and second integral Pontrjagin classes are zero and whose dimension

is less than n2 - 8n/3-1.

1. General introduction. Let SU(n) be a differentiable transformation group
acting on a connected manifold M with dim M < n? - 8n/3 - 2, and assume that
the first two integral Pontrjagin classes of M are zero. The purpose of this paper
is to determine the orbit structure of M under the action of SU(n).

To be more precise, in Theorem 2.3 we determine those closed connected sim-
ple subgroups H of SU(r) such that the first integral Pontrjagin class of SU()/H,
PI(SU(n)/ H; Z), is zero; in Theorem 2.5 we determine those closed connected sim=
ple subgroups H of SU(n) such that P,(SU()/H; Z) = 0 = P,(SU(»)/ H; Z); in Theo-
rem 2.9 we determine the connected component of the identity of a regular isotropy
subgroup of the given above actions of SU(z) on M. In Theorem 3.1 we then show
how the connected component of the identity of all isotropy subgroups of SU(n) is
completely determined by the connected component of the identity of the principal
isotropy subgroup, and we give a list of such possible subgroups.

Wu-Chung Hsiang and Wu-Yi Hsiang considered this problem in [4]. One of
the key steps in their approach was their knowledge of large subgroups of SU(n).
This forced them to put a severe restriction on M. Our approach is more general
in nature, and allows us a much less restrictive dimension requirement.

The author wishes to thank his thesis advisor Wu-Yi Hsiang for the encourage-
ment and help he received while writing this paper. Some of these results were in-
cluded in the author’s Ph.D. thesis at Brown University.

In this section we recall several well-known facts. Let G be a compact con-
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nected Lie group acting differentiably on a manifold M. For each x € M, let G_=
fg€G:g.x=x} andlet G(x)={g-x:g€ Gl Thenif f: G/G, = Gx) CMis
the natural map,

fr(M)=1(G/G,) ® VG/G ) = ag (g /Gx) ®a, 4)

where £, is the principal bundle (G, — G — G/G,), 5 )i is the isotropy rep-

X
resentation of G, in G, and @, is the slice representation of G, at x. Suppose
now that x € M is a regular element. Then ¢_ is a trivial representation (5], and
so. 'r(M) = afl(‘G /Gx) ® 0 where 0 is a trivial vector bundle. The following re-
sult is trivial to prove but is frequently useful.

Proposition 1.1. Let n=(H — E — B) and 7 = (G— E'— B') be principal
bundles, and let

G---A__.¢
l |
E------ -E
l i |
B---=-- =B
U] 7'

R(G) «—-——---- R(G")
%n “qt
X‘ '
K(B) «~———--- K(B")

is a commutative diagram.

Soif F: G/G:—» G/ G, is the natural map and 52 is the principal bundle
(G2 = G = G/G)), we have

11 )0
F'fr(M) = afz(lG/Gg) ® 0=1(G/G) &0,

and so F*(/ *(P’.(M; Z))) = P’.(G/ Gg; Z) (where P’.(N; Z) is the jth integral Pon-
trjagin class of N).
So to study G actions on a manifold M satisfying P,(M; Z) = 0= P,(M; Z),

we must first find all those closed connected subgroups H of G such that
P,(G/H; Z) = 0 = P,(G/H; Z).
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2. Subgroups of SU(z) with P (SU(n)/H; Z) = 0 = P,(SU(s)/H; Z). Let G be
a compact Lie group, H a closed connected subgroup, and let T be a maximal
torus in H. Then the natural map #: G/T — G/H is a fibre map with fibre H/T,
and hence the kernel of the map #*: H*(G/H; Z) — H*(G/T; Z) consists only of
torsion elements. Let £ be the principal bundle (H — G — G/H) and &' the
pnncxpal bundle (T — G — G/T). Then if ¢ is a real representation of H,
ﬂ(a.f(qS)) a,+($|T) and hence ﬂ*(P (0- @ 2Z)=P (a '(¢|T) Z). Let 7(G) =
G- Eg— B ) be a classifying bundle for G. Then 77(T) (T— E,—B )
is a classxfymg bundle for T. Letting i: G/T — By be the classnfymg map of
¢', we have that 7 (a§(¢)) = z’(a,q (.n(¢>|T)), and hence from [2] that

7 (Plag(p); Z)) = i *(Pla, orybIT); 2))

= (070, e 02 T o= Ty s =)

where 27 is the 2jth elementary symmetric function, T (D) is the transgression
in the Serre spectral sequence E(7(T)) associated with 7(T), and Wyiseees Wl
are the positive weight vectors of ¢b.

Recall now that 7(G/H) = a(¢; ;) = a,(Ad;|H - Ad ). By Proposition 1.1,
ag(Ad |H) is a trivial bundle, and hence r(G/ H) o ag(Ad )=0 where O is a

trivial vector bundle.

Corollary 2.1 [2). Let T be a torus in G. Then G/T is stably parallelizable.

From 7'((G/H)) = i'a, (1 /| T) and 7'la,(Ad,) = i'an(T)(AdHIT), we have
the following corollary.

Corollary 2.2. = n*(Pa(G/H; Z)) . n*(P'B(ag(AdH): Z)) = 0.

a+p=j

As E is contractible, E . x,. G — G/T is a homotopy equivalence, and
hence we may take y=(G — G/ T—B ) to be a principal G bundle. Thus we
see that i*: H (BT, Z) > HG/T; Z) is just the edge homomorphism

(B3 2) = E50(y) » EX°0) C HYG/T; 2),

and hence ker i*= (im d(y)*), the ideal in H*(B 13 Z) generated by the elements
of positive degree in the image of the differential of E(y).

Suppose that U is a closed connected normal subgroup of ‘H. Then by using
Proposition 1.1 together with a standard argument, it follows that P (G/ H;Z)=0
implies that P (G/ U; Z)= 0,

So to determme those closed connected subgroups H of G with P (G/ H; Z)

= 0= P,(G/H;Z), we need only determine those closed simple subgroups Uof G
with P (G/ U; Z) = 0= P,(G/U; Z) and then, by using the classification theorem
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of compact Lie groups, determine whatever restrictions there are on *‘piecing’’ the
various simple (we shall see later that if P,(SU(n)/H; Z) = 0, then H is either
semisimple or a torus) groups together to form an acceptable H.

We now let G = SU(n) and let A : H — SU(n) be the embedding of H as a
closed subgroup, i.e. A is an injective homomorphism of the compact connected
Lie group H into SU(n). By examining the spectral sequence E(y) of y, we see
that in low dimensions at least, ker i*= ((im r,y)"') where 7,, is the transgression
of y. Thus we have (at least in low dimensions)

ker "= (S¥, i e 7y e,

where lul,- ooy l‘,,‘ is the set of weight vectors of A, and S+(xl" . x”) is the
ring of symmetric polynomials with zero constant term.

We now apply the above to the representation ¢ = Ady,. Note that as A:H—
SU(n), p, = —(ul $oeoed y"_l), and hence

Z 2
20 (f (T)( )7""r (T)# )) (n(T)(#.)) .
Recall that, by Corollary 2.2,

(P (SUMY/H; Z)) = - #*P (o, (Ad,); 2)

il XN ) FETTPL SN /R ST AWK (0 PR N (/)

ner)

—-i z; oy W D2

So #*(P l(SU(n)/ H; Z)) = 0 if and only if for some integer K,
n N
2 2
K3 berfi)? =2 2y, ¥

So if U is a closed, simple, normal subgroup of H, it follows that ﬂ*(Pl(SU(n)/ U; 2))
= 0 if and only if there exists an integer K such that

"Z I#IZ-ZZ W |?
j=1
where | | is the Cartan-Killing norm.

We are now ready to determine those closed simple subgroups G of SU(n) for
which P,(SU(n)/G; Z) = 0. First note that if A: G — SU(n), then SU()/AG] is
diffeomorphic to SU(n)/A*[G]. Hence in the following theorem if A: G — SU(») is
such that P,(SU()/AIG]; Z)'= 0, then we shall either include (G,A) or (G, A%) in
the list, but not both.
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Theorem 2.3. Suppose A: G — SU(n) is an almost faithful embedding, where
G is a simply connected, compact, simple Lie group such that Pl(SU(n)/ AlGl; 2)
= 0. Then modulo trivial representations, (G, ) appears on the following list:

G
Su(4)

su(s)
Su(6)

su(?)
su(8)
SU(k), k>2
Su(k), k>2
SU(k), k>2
SU(k), k>4

Suk), k>4
s,(3)

S, (k) k>3
s, (k) k>3
s, (&), k>3
Sen®
Spiy(?)
Spn)

SPIN(II)

A
b/\z;t4
apy ® 3M7p, @ duy
By © bA2p5 o cAzy’;
bl\z;t6 ® cl\zp:
bA3p6

apg © bA % © Adp ® A% @ dpg

ap, @ bA2p, @ cA%y © dyy
g ® bA3 g, @ A3y
Adgygey

ap, ® du,

ap, © bS2y, ® Sy, Dy
ap, ® bA%y, ® cA’yy ® dy}

Ap, @ S%y;

aA’v; @ b\ 3y - vy)
4v, ® (Wyg - v))
Yok

4v,, ® A?

Ad

Vak

Sp(k)
ap, ® bA5

ap, @ bA,
aps,ebA9
apyy @ bAy,

b=1,2,4
a+d=2
b+c=3
b+c=1,3
b=1,2

a+d+4(b+c)=6

a+d=4,b+c=1

b+c=1

a+d|2k

a+d=k~2, b+c=1

a+d=2+kybt+c=1

a+d=4,b+c=2

a+d=2, b+C=l

a+b=1,2

a|2(k+1)

2a+b|6
a+b|s

a+2b|7
a+4b|9
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Spy(13) ap s @ bA, a+8bl11

Spn@k+1) k>2  ap,, ., a|(2k - 1)

Spy(2k +1), k22 Adg Spiy 24D

Spin(8) apSGbAaecA; a+b+cl6

Spy(10) ap o ®bAT, ® cAT, a+2(b+c)|8

Spp(12) apy, ® bA], ® A7, a+4(b+c)|10

Sppy(14) ap, @ bA], @ A, a+8(b+c)|12

Sppy (24)s k>4 ap,, a|2(k~1)

Spiy (28)s k>4 Adg b

G, $,=Adg » b1 2615 49

Fy ¢4=AdF4’¢l’3¢l

E, a¢l$b¢5 a+b=1,2,4
Ad56 =%

E, ¢1’3¢1’Ad57=¢6

8 AdE

8

Remark. Note that if G is a compact simple Lie group and A: G — G, is
any nontrivial homomorphism of Lie groups, then Ker A is a finite central sub-
group. So any embedding of G lifts to an almost faithful embedding of G’s univer-
sal covering group X: G — G,. If G, =SU(r) and P,(SU(r)/G) = 0, then ()
will be on the above list.

Proof of Theorem 2.3. Suppose G = SU(k), 2< k< n. If A: SU(k) — SU(n)
and 2Q) = {(j, u) 1< j< n} is the set of weight vectors of A, let 7A) = E",l |# 12
For 1< p, qsk, let b be the k x k matrix eg [8’87] Let )t t(e’ k™ Ef.l :
for 1<j<k Then {A: l <j< k-1} forms a basis for 6, the standard Cartan subalge-
bra of SU(k). We may take our invariant, nondegenerate inner-product for the real
Lie algebra of SU(k) so that \;,A) = (k~1)/k and A ;3 A))=~1/k if i #j. Note
that

nAdgo)=2 X W-AlP=2 ¥ 2-2kk-1)

SUk) 1si<jsk 1si<jsk
So as we have shown, PI(SU(n)/ A[SU(R))) = O implies 2k(k - 1) is an integral
“multiple of n(A).
Welee m={A,=A, ,:1<j<k- 1} be our system of simple roots. If ¢:
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SU(k) — SU(n) is irreducible, let Ay be the highest weight of @, and let

2(A¢,A AM)

AV W,

= (A¢, hi-A]W'l).

Then recall q; is a nonnegative integer.
Foreach 1<i< k-1, let . be the unique irreducible representation satise
fying
2(A¢i, A=Ay) o .
(A A I,A A )5 ’.1 1.e.¢i¢-bo-o.o.o-o.o...o-o

Recall that ¢, = m, and ¢’. = Ai“lz’ 1<j<k So

Z(¢j)={)\il +ooo+hii:lsil < i2< eee < i,'sk;'

Hence
@)= T R, seeesr 2. ,("_-L)

lsil<"“<l'.sk 1 li 18i,<veeci Sk k

] 1 b
z(k )Ic(k Deee(k=j+1)

l 20.0]

k=-1)(k=2)eee(k-j+1
= RERTRY = )i(k-i) if j>1

(k—l)(k—Z)-o. k_' 2
= 2,3",(7.(_1)” Y G-je D= it j>2.

Note that n(¢ )= n(¢) (k-j-1)/j. Soif 1<j<(k~1)/2, then n(¢
,,(¢) Also, 1<]<(k 1)/2 implies 2(«;5)--2(«;5,e )(x.e.qS ¢k )wlnch
mplnes n(¢) (b, ). We have

np)=k-1, nld,)=k-1)k-2),
n(py) = Y%k~ 1)k - 2)(k - 3)> 2k(k - 1) if k> 9.

Soif 4<j<[(k+1)/2] and n(¢ ) < 2k(k - 1), it follows that & < 8, and
hence k=8, j=4. By a.direct check this is impossible. So if 1< j< [(k+1)/2]
and n(¢,)$2k(k 1), we have j=1,j=2, 0r j=3 and6§_k58.

Lemma 2.4. Suppose ¢ :SU(k) — SU(n) is an irreducible map with n($) <
2k(k - 1), Then up to conjugation, ¢ appears on the following list:
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Ay, 6< k<8,

2. a2
M ST A Adgyy, k22

Proof. Let
¢ > ()—()—--()qlq2 ‘13“ . qu.l.

Suppose that there exist at least three distinct indices a, b, ¢ so that ¢ , 9,,
g, all are different from zero. If qSl, ¢, are two different irreducible representa-
tions, we say @, > ¢, if ¢,(p,)>q,(p,) for i=1,2,..., k-1, L follows easily
that ¢, > ¢, implies (A¢,1, A¢l) > (A¢2’ A¢2).

Using this fact, one easily shows (A, Ay >1.

Since q,, q,, 4. are all different from zero, it follows easily by applying the
Wey! group that 2(¢) contains at least (k - 1)(k - 2)(k - 3) distinct vectors A
all with (A, A)= (A4, A ). So n(¢) > (k- 1)k - 2)(k - 3). So if k> 6, nld)>
2k(k - 1),

Note 4< k as there exist ¢,,4,,9 _ # 0. If 4< k<6, one shows by direct
calculation that (A, Ay)>5 and hence

(@) > 5k ~1)(k - 2)(k - 3)>2k(k - 1) if 4<k<6.

Suppose next that there exist exactly 2 indices @, b with ¢, 1, # 0. Sup-
pose k> 9. Further suppose that 3 < @< k-3. Then ¢ zA“#k =¢,- So
(A¢, A¢) > (A¢a, A¢’a)° Also, by applying the Weyl group, it is clear that we
introduce at least as many new vectors A into 3(¢) with (A, A)= (A¢, I\¢),
as we do vectors A! into S(A%,) with (A, Al = (Ag A¢a). and so n(¢) >
n(Ap,) > 2k(k-1) (@s 3<a < k- 3)

It follows that we may assume (up to conjugation)

(l) a= 1, b= 2,

2)1<a<2, k-2<bgk-1,

€)) 15“52, b=3, 6Sk$8s

4)1<a<3, k-3<b<k-1,7<k<8

By direct computation, we now easily arrive at the result.

With this lemma, the results with G = SU(k) follow easily. One obtains the
results for G = B, Ck, Dh’ G, Fé, E6, E,, Ea similarly.

Theorem 2.5. Suppose A: G — SU(n) is a nontrivial representation, where G
is a simply connected, compact, simple Lie group. Suppose P,(SU)/AIG);Z)=0
= P,(SUmY/AIG); Z). Then (G, \) (modulo an arbitrary trivial representation) ap-
pears on the following list:
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G
su(2)
su@3)
Su(4)

Su(6)
Su(k), &k >2
SU(k), k> 2

sp(s)
sp(le), k>3

s_..(5)

PIN
Spiy 2k + 1), k>2

Spiy (8

Spyy 10)

Spiy (2k) k> 4

A
4p,

2 2 %
Hy @ bS5y ® Sy,

2
Au6

Yok
3"2k

Ads
aps ® bA

Prr+1

31

Adspm(zkﬂ)

apg ® bA, ® Ay
Al
P2k
2P
3021
6P 24

Ad
Sp@®

b+c=1

a+b=1

a+b=2

a+b=3, 3|k

a+b=6, 3|k

3k+1

2a+b|6, b#44

32k -1

a+b+cl6,

3k -1
3k-1

b+c>0

339
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G, b, = Adcz’ by
Fy by = AdF4’ $,
E¢ Ad56
E, Ady
E Ad

8 Eg

Proof. Let {(jy p):1<j<n}=20), and lee o) = ofr )iy P (7))
for 2< j<-4. Recall that

(ker i*)8 = (Zv,®--- @ Zv,)zoz()\) 0(Zv, @+ ® Zv,)as()t)

®Zo 4()t) where [ =rank G.
Now

Py(SU®Y im X; Z) + P, (SUGY im X; Z) - P,(az(Ad,); Z) + Py(a,(Ad); 2) = 0

(modulo 2 torsion). So as P (SU(nYim A; Z) = 0 = P,(SU(n)/im A; Z) by hypothe-
sis, we see that rr*(Pl(af(Ad i ZN=0= rr*(Pz(af(Ad p) Z)+ Hence

1 1
2
avis Y by )oW)+(X dv.)o M) +m.o,0)=0,4d.)

(’Z,=1 177 i<t 1111) 2 jo1 1 3 4 4°%G
where @, b, d,meZ for 1<i<, 1 <j< L Suppose G=_SUlk). By using the two
facts

04(}'1")’1r“")’pv-yp)=”2()'5"“'}’:)

and

aj(xl’oon 9 xp, Yl’noc 9 Yq)a agsj Oa(xl,noa,xp) . O’B(Yl,ooo ’ Yq),.

it follows that

04(AdsU(k)) = (2k2 -k~ 6) (UI(U:’° cey ‘U:-l) + 302(‘U§” coy v:-l)

k-1
2 ~
+ 2 gl yjoz(vl,.o.,vi,..-,vk-‘))
]

k=1
+(8k2—6k—24) Zl Ujos(vl,-oo,?}j,ooo,yk-l)
j=

+ (1262 = 12k = 36)0, (050005 v, )

where v;=1, (T)()‘ i) as usual.
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As an example of the method, consider A = apk.O by:, a + b|2k. One
shows easily that

az(ﬂk) = -(01(939‘ sey ‘U:_l) + Oz(vl,- sey vk_l)),

k-1
CAURE "(Zl ”;"1("1" serdpeces Vpat) + 20,0500 ”ls-l))’
= .

k=1
OA(Fk)a-(g ‘Ul?az(vlg'°‘ ’a’-,"‘ 9 vk-l)+ 304(019"' 9 vk-l))’

o0, M) =(a+d)o () +%a+b)a+b-1)0 ("k»

So
o (Adsu(k) (z a u + 2 bii"i”;)
1sicjsk=1
(@ + b)oywiyeees 02 V40050000, 1))
k-1 k=1 .
-(a - b) Zx d’.v’. Zl ‘U?Ul(vl" oo 11/’.9“' ’ vk-l) + 203(1!1"“ ’ vk-l)
,S ’ﬂ

+m },-z-(a +b)a+b-1)o,(w 0, vk_l)

+ ;-(a +0) @+ b-1)0,0],e0y 02 )
k-1
+@+b)a+b-1) 21 "?"1("1"" »D0eey )
,’
[
+Qa+b)a+b-1)-(a+b) 21 vjoz(vl,---,ﬁj,--- )
].

+B@+b)a+b-1)-3(a+ b))a4(vl,-~ o ”k-l))"

Clearly,a-—a1andd d]1f1<z,1<k 1. Also,b =b,gif 1<i<j
<k-1,1<a<B<k-1. Note -(a+ b, Y@+ b)as b l)m 2k~ k- 6.
Suppose k =2. Then this is the only condmon. So —(a + bla, + %(a + b)

(@ +b-1)m=0. This is clearly acceptable for a + b|4.
Suppose k> 2,

~a+b)a, +a,+b,)- (@a-b)d, +d)) +3(a+b)a+b-1)m/2 = 6k? — 3k-18.

So ~a + by, - (@~ )d; +d,)+ %@+ b)a+b=1)Im=2k% _k=6. Also,
—(a+b)a; +b,,)-@a-b)d, +(a+ b)(a + b—1)m=4k% - 2k -12, So ~la-bMd, =0,
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Hence =(a+ b, + %@+ b)a + b~ 1)m=2k* ~ k- 6.

Suppose k = 3. Then this is the only condition. ~(a + bla, + a + b¥a+ b~ )m=09.
So a + b|6 is acceptable.

Suppose k>4, —(a+b)a; +b,,+b);+b,,)+Qa+P)a+b-1)- G+ b)m=
8k2 - 6k - 24 or (a + b)m = 2k. So

~a+blay+(a+b-Dk=2k% _ k-6,
-+ blay=2k? - (a+ bk - 6= 20" = 3) - (a + b)k.

Hence (a + b)|2k2 - 6. Recall (a + b)|2k. Hence (a + b)|2k%. So (a + b)|6. So
ap, ® by k>4 is acceptable when (@ + b=1), (a + b=2), (a + b= 3 and 3[#),
(@ +b=6 and 3|k). This concludes the proof.

Remark. Suppose A: G, x G, = SU(#) so that P,(SU(»Yim A; Z) = 0. Recall
A= 2:.=l ¢1.® l/l]. where @500, ¢‘, 501,- ey ;/;' are either trivial or irreducible.

Let T, be a maximal torus for G,, and T, for G,. Let vye--, Y G, be a
base for HZ(BTI; Z), and Vppeees T, G, for Hz(B-rz; Z). For some nonzero inte-
ger M, we have

¢
0,(Adg )+ 0,(Adg )= 0)8dg g )= M- 0, (A) =M. ,2,1 o($.®Y)

M-S Qim Y o) + Wim b o)
j=1

t t
=M 3 @i )o(6)+ M 3 Gin §)0,).

i=1

Soas 0,(Adg ) and 0,(¢) (1 <j<¢) are polynomials in vyyeeesv, Gp 2nd
02(Adc;2) and 0,() 1 <j< t) are polynomials in Tyseee, 7, G,» Ve have

t

az(AdGl) =M ;1 (dim t/li)oz(qS,.), and

2.6) "
oz(AdGZ) =M ;;x (dim ¢j)02(!/l].).

So as n(Ad G) =0 if and only if G is a torus, we have the following.

Lemma 2.7. Let H be a compact connected subgroup of SU(n) so that
P,(SU(n)/H) = 0. Then either H is a torus or H is semisimple.

So we may assume that G, and G, are simple. So if P,(SU(»)/im A; Z) = 0 =
P,(SU(n)/im A; Z), then as before
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@8 o,Adg )+ 0, (Adg Jo,(Adg )+ 0,{Adg )= 0,(Adg ) € ker i

Theorem 2.9. Suppose that SU(n) acts as a differentiable transformation group
on a connected manifold M, where P,(M; Z) = 0= P,(M; Z). Suppose also that
dim M<n? —8n/3 ~2. Let G be the connected component of the identity of *‘the"’
principal isotropy subgroup of the action. Then (possibly modulo a low-dimension-
al trivial representation), G together with its embedding appears on the following
list.

G A
Suk), k>4 g,
k>6 akabp: a+b=2
k>9 ap, @by; a+b=3,3|k
k>18 ap, @by, a+b=6, 3|k
SOk +1), k22 pypyy

k211 3p,, . 3|2k -1
Sple), k23 y,,

k>8 3y, 3lk+1
SORK), k>4 p,,

k>6  2p,,

k>10 3p,, 3|k-1

k>19 6p,, 3|k-1

Proof. Note that n” - 8n/3 - 2 >dim M > dim (SU(®Y im M) = dim SU(») - dim G
=% ~1-dim G and so dim G > 8n/3; that is, the dimension of G as a Lie group
is greater than 8/3 times the dimension of A as a representation.

By Lemma 2.7, G is either a torus or G is semisimple. Suppose G is a
torus, say G = T*. Then k=dim G > 8n/3. This is impossible as tk SU(n)=n -1,
So G is semisimple.

Ve first suppose G =G, x G, where G, and G, are compact simple Lie
groups. Recall A = 2' ¢ ® t/l By 2.6 if for some j both qS and gb are non-
trivial, then there exists a positive integer M such that n(AdG )I>M. dun ;-
n(qb ) and n(AdG )> M. dim ¢ . n(l/l ). This turns out to be a severe resmcuon
on ¢] and ¢] Using this fact together with 2.6 and 2.8 in the usual way, we
arrive at the list for G| x G,. We then use this list together with the additional
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requirement dim G > 8n/3 to prove that G must be simple, and that, in fact, (G,A)
lies on the above list.

3. The orbit types of SU(n) actions on manifolds with vanishing first and se-
cond integral Pontrjagin classes.

Theorem 3.1. Let SU(n) act as a differentiable transformation group on a con-
nected manifold M. Suppose that P,(M; Z) = 0 = P,(M; Z), and that dim M < n’ -

8n/3 ~2. Let y € M be a regular element and let x € M. Then after conjugating
G:: if necessary, the inclusion G: C G: C SU(n) appears on the following list:

R/

® by, © (n- @)
G)) = (SU(Ie) ke SU(n))

where a +b=1,2,3,6 and 3|k if a+b=3,6, then
Py ® U-kY ap, @ bis) @ (n- @M
su() SU(»)].

(G;’ C G2 Csu) = (SU(k)
@) If

apy, . @ (n=Qkt10)
6= (SO(2k +1) 24 sv(n>.

where a=1,3 and 3|(2k-1) if a =3, then

P @ (= (2k+1))0
Ca SO(21 + 1)

(G)c G CsuM) = (SO(Zk +1)

Py, 4 © (= @Q1H1)))g SU(”)

3)If

® (n=2ak)9
6% =({s,® ok : SU(n))

where a=1,3 and 3|(k-1) if a=3, then
Y., ®2(l=k)8 ay.,,® n-2ald
% 2 su(n)

(G)C G CSUM@)) = (s, (k) s,

@I

(- 22k)0
6= (so(zk) P ® su(n>

where a=1,2,3,6 and 3|(k-1) if a=3,6, then

S0(2])) —————su(n)).

(G G? C Su(n)) = (sO(2k)

Proof. As an example of the method, we shall give the proof for
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+ SU(n

ap, ® bt @ (n-2k)0
(Gy°)=(su(k) i ))

where a +b=2,a>1, and k>6.
As y is regular, after conjugating G, by a suitable element of SU(n), we
may suppose G° c G° Hence we first must study the lattice of closed connected
subgroups G C HC SU(n)
KVis a subspace of C”, let SU(V) be the subgroup of SU(n) which leaves
V4 fixed pointwise. Then in [S], the following theorem is proven.

Theorem. Let V be a subspace of C" with dim V > 3. Let H be a subgroup
of SU(n) which contains SU(V). Then there exists a subspace vy of C® with
VCV, sothat SU(VI) is a normal subgroup of H.

We shall determine a similar result for Gy Suppose ¢: G — H,y:H—>
SU(n), and A = oh We may take H=T  x U; x ++ex U, where T is a torus
of rank c, U, is a compact, simply connected, simple Lie group, and where ¢ and
¥ have finite kernels. Then ¢ =¢, . @b, @ --- @ ¢,. Clearly ¢, is trivial as
SU(k) is simple and T° is abelian. So we may take V= U; x +++x Uy, and ¢ =
6D Db, Now ¢ = 2;.=1 '/Ifl Q. ® "(’id where each lﬁ,-i is either trivial or
irreducible.

Let ( 0¢),. = (l/l,-! 0 )®:-® (l/fid o )e Note that (i qu),. is a nontri-
vial representation for some j.

For some 1< i< m, tﬁ. o ¢ SU(k) — SU(n) is nontrivial. Note that the non-
trivial components of !/t o qS have dimension > k. Also if there exists 1 <a<m
with i #a and ¥;.°%a nonmvxal then the nontrivial components of (i o ¢)
bave dimension > k which is greater than 2k,

Soas Yo =ap, & b;zk ® (n - 2k)0 and a + b =2, it is clear that we may
assume

1) Wo ¢) is trivial if j> 2.

@1Ix; = 1 2, then there exists at most one integer i; with 1 <i,<m so
that ;. i ° ¢17 is nontrivial.

So G is contained in a normal subgroup V of H, where V= U, or V =
Uy x U,.

Suppose V =SU(l). Then we may write ¢ : SU(k) — SU(!), ¥ : SU(J) — SU(),
and Yop=A=ap & b/,t* ® (n - 2k)0, where @ + b =2. So if we write ¥ = ¥, ®
@y, 6Lo: su(l) — SU(n), where ¢l is irreducible for 1 <;j< ¢, then (; o)
e...@(¢ o) ®LOI=Yo¢ = aukayk ® (n - 2k)6.

Hence Y=Y, @ LO or Y =y, ® ¢, ®LE.

Now I -1 > k%2 —1> 82/3. Hence ¢, and '/'2 have drastic limitations on
their dimensions. Using the fact that ¢ > ¢ implies dim ¢ > dim ¢, it follows
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that the only possible irreducible components of ¢ are p,; and n’; Arguing simi-
larly for ¢, we see that the only possible itreducible components of ¢ are By
and Fk.

Hence, it is clear that one of the following cases holds:

(1) ¢ =ap, ® by} ®@U-2k)0, Y = p,; ®(n - DG,

@) ¢ = b, ® ap ® (1= 2k, ¢ = i} & (n - DS

B) ¢=p, ® U=k, Y =ap, @ by; ®(n-206.

@) ¢ =, ® U= k)0, ¢ = by, ® ap; ®(n ~ 20)0.

Arguing similarly for the case when V is some other simple compact Lie
group (and using the fact that dim V > k2 = 1> 81/3), we get the following addi-
tional possibilities, where ¢ :SU(k) =V, ¢y: V — SU(n), and ¢ o = .

v ¢ Y

5,0 a=1=0)  p, @y, ®20-40 ¥y, ©n =200
SoW) (a=1=5)  p, @®p, ®(I-2k)0 p; ® (- 00

Now suppose V = Uy x U,. Then using arguments similar to the above, one
shows that V = SU(/,) x SU(/,), and that we can write ¢ =, ® ¢, and ¥ =
¥, ®06) ® (0 ®Y,) where modulo trivial copies,

*
¢l =y Il-:’ ¢2 = o By
* *

¥y = o by ¥y = Frpr e

We now specialize to the case H=G_. 0
We shall show that H = G implies V SU(J), and that in fact

1, © (1= ap, ® bt} © (n=24)0
(G;’ C V C SU(n)) = [SU(%) > SU()) su(»)).

Let £, =(G,— G — G/G,). Thenfor j=1,2,
0= Pr(6/G,)®v(G/G)) = Pla, (Adg]G, - Ad Gx) ®a, (6 ).

Now V is a connected normal subgroup of Gg so that

0_9¢
G,—VCG, CSUl=G

\\y
A
i.e. !ﬁ o(ﬁ =N

Let 7: G/V — G/G, be the natural map.
Let &, = (v— G — G/V). Then if I is a real representation of G,
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n!(afl(l")) = agz(”V)' So
n!(agl(AdG |G, - Adg V@2, 6. )=a, (Ads|V-Adg [V)@ag (4, V)
-o; (Adg|V - Ady- ) @ag V)
=7(6/V) @a, (4,|V) € KOG/V),
where @ is some trivial representation of V. So modulo torsion,
P,(G/V) + Pl(agz(qul M=o,

and
PG/V)+ P(G/V) - Pag (6, 1V)) + Pyfa (1)) = 0.

Recall that as G is the principal isotropy subgroup of ¢ _, ¢, IG = Adc lG -
AdG @ trivial copxes. So

¢>x|G° =Ad_ |G° - Ad, 1G° @ trivial copies
= ((AdG IGO)IV)IGO Ad 0 @ trivial copies
=Ad IG - Ad 0® tnvxal copies

=Ad o ¢ - AdGo @ trivial copies.
y

Note also that dim (‘SU(n) /G, T )=dimM<n 2 _gn/3 - 2, and hence dim ¢, <
n® -8n/3 - 2.
We shall now examine the several possibilities for V, ¢, and .
Suppose V= SU(l)y and ¢ = duk @ b[l.: @ (I - 2k)09 '/’ = Ill (<] (ﬂ - 1)0. Then

¢, ISUR) =¢_od = (u, @)~ 0) o -, ® i} ® trivial copies
= “b(“k ®u, ey: ® u:) ® (a? + b° - l)uke #:
® (a + b)(I - (a + b)) (z, © ;) @ trivial copies.

Recall k2~ 1> 8n/3, and [> 2k So dim ¢_< n’ < 9k*/64 < 9I*/1024,

This is a severe limitation on ¢ . By listing all the irreducible representa-
tions T of SU(!) with dim I" < 9/4/1024 and then using our determination of
@, o¢, we see easxly that ¢_|SU()) can contain copies only of p; [,l.l, B ®up
©y 8#1, #1 Qul. Hence
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¢,I1SU0) =, ® p, @ b, ® 1)) @ dp, @} Bely, ® 4}) @ FO,

and so ¢ _|SUR)=¢ o = (4abc +(a? + 5?) Ay, ® u e a sum of representa-
tions not containing p, ® "k So 4abe + (a? + bz)d= a? + b2 - 1, This is impos-
sible.

In the other cases for V, ¢, ¥/, we argue similarly to the above. In some
cases there will exist a representation ¢ |V so that qS o ¢ =A. TIn these cases,
by using P,(G/V) + P, (a. (¢ [V)) = 0, we arrive at the conclusion that V =SU(),
b=p® (l k)0, and ¢ ayIanI, i.e.

B, @ (-k) ap, ®bu) © (n-2k)9
(62 C V CSU) = (SU(k) L su() — SU(n»

as was to be shown.

Finally we shall show 6‘2 =V.

So suppose Gg # V. We shall derive a contradiction. We give here a modifi-
cation of an argument found in [4].

Ve may suppose x was chosen so that dim G is minimal among these G,
with G not simple. We see that after conjugating if necessary, we have y €S, the slice
at x. Let @, be the slice representation of G at x. Then ¢, IG =¢, Qﬁo,
where ¢, is a nontrivial representation thhout trivial copies.

We may wnte y=y +n where y € W¢, » the representation space of ¢, and
where 176(W¢) ie.nevw 6

Clearly G =G_ and so y is a regular element.

Let z be an element of the unit ball of Wp, C €S _C M. Toshow: (G°(¢1) )
C V. By the minimality condition

7] b .; @ (ﬂ’ 21' )9
6= (su(z’) e A SU(n).

So as G: C Gg C Nsu(n)(V)’ clearly Gg C V. Hence (Gg(qsl)z)o = Gz CV. Sowe
may apply the following proposition found in [4}.

Proposition. Let H be a closed, connected, proper normal subgroup of a com-
pact, connected, Lie group K.

Let  : K — O(m) be a representation, such that for each x € Wy- {0}, K
C-H. Then

(1) HC ker .

2) rank K/H =1,
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Hence VCkerp) =kerp |G° and rank G°/V 1. So ¢, |G° is trivial. But
note that ¢ _o ¢ = (I~ &) (uk ® #k)e trivial copies, as

0

¢x|63 = (¢,|Gy)lG: =(Ad lec.'y -Ad GJ,)lcy
0 0
= (Ad lev)|ay -Ad cylG,

0
- Ad, |60 - AdGo ® 6.

Hence I=k%, and so V = Go So G°~ Gox L, where either L = SU(2) or
L=T!,

Note that ¢x|G: =60 ®y. Let fali be the standard base for *‘the’’ Cartan
subalgebra of L. Suppose

Gap, @54 @ 6l@T) @ (6 %) \
(G0 — SU)) = éU(Iz)x L 770 sU n>

Then dim'=1. S0 '=0 or L=T". Suppose I'= 6. Let £, = (G2 —SU) —SUGY/G)
- Then

P,( ® G =0,
ag (4. (n)/G:) a§3(¢xl x»

So
8)) = G?
M(Zaz(pk) +0,(8)) az(tSU(n)/G: )+0,(¢.1G))

=0,((((ap, @ bn: ®10) ® 0)®(0®9d)
® ((ap} @ bi, @ 10) ®6) B0 ®5™)~ 1, ® 4} - Ad, ) + 0, (»)
= (6k + 4t + 4 dim 8)o, (1) + (4k + 21)0,(8) + 2 dim & « 0,(8) - 0,(Ad, ) + 0, ().

Hence 2M = 6k + 4t + 4 dim 8. So
G5k +21.+ 2 dim 80,0) = (4k + 20)0,0) + 2 dim 8 - 0,0) - 0,(Ad, ) + ()

or

~ko,(8) = 0,(y) - 0,(Ad ).

Soas 0,8), 0,{y), 0,(Ad) are all polynomials in r(a,) with negative coeffi-
cients, we see L =SU(2). So ”2(Adsu(2)) = 0,(y) + ko,®). An easy check of
RO(SU(2)) shows this is impossible.

So I'£ 6. Hence L =T'. By considering L & SU(n), we see (2k + )['®8:
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L — SU(n). We easily have
M(Zoz(yk) +0,(Qk+ N ®J)) = Mo, (((ap, ® b/.l: ©:0) I & (6 ®5))
= 0,((((ay, @ byiy © 1) BN @O®) (e} b, B 1)BT™) D ®5")— 1, @ 1) + 0,()
=0,((a® 4+ 5% - 1), ® 1} B ablyy, ® 1, ® 1, ® 1) B + ), B )
Dlap, ® bit, ® 16) DT ®8") ® (ayiy ® bk, © 10) OU*®5) DI @G ® %)+, (y)

= (2k((@ + 8)% = 1) + 2(a + b) + 2(a + b) dim 8)02(/,tk)

+0,(2k + (T @*'eIr*e5) 006 ®5%) + o,(y)
= (6k + 4t + 4 dim 8)o, () + 0,((2k + O ®8) @ ((2k + @ 5™))

= (6k + 4t + 4 dim 8)o,(p,) + (4k + 2t + 2 dim 8)o,((2k + )T ®8) + o, (y).

So 2M = 6k + 4t + 4 dim 8, or M =3k + 2t + 2 dim 8. Hence
Gk + 2t + 2 dim 8)0,((2k + )T ®8) = (4k + 2¢ + 2 dim 8o, ((2k + T BB) + 0, (y).

So 0= k0,((2k + )T ® 8) + 0,(y). Butas ¢x|G: =0 Q®y, we see that y ®C:
L — SU(n), and hence ko,((2k + :)[' ® 8) and 0,(y) are polynomials in 7(a,)
with negative coefficients, This is impossible.

The other cases follow similarly.
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